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Abstract
In this paper it is shown that the category Cat admits an alternative homotopy model structure
which is based on a family of natural cylinders. c© 2002 Elsevier Science B.V. All rights
reserved.
MSC: 55U35; 55P05; 55P10
1. Introduction
In [3–5,9,10] three di=erent notions of homotopy in the category Cat of small cate-
gories are studied. The notion of strong homotopy (which is the one studied in [3,5])
is the symmetric transitive closure of the relation given by: F ∼ G i= there is a natu-
ral transformation between them. The notion of weak homotopy (studied in [9,10]) is
related to the classifying spaces of the categories: Two functors F and G are homo-
topic i= BF and BG are homotopic continuous maps. In [4], an intermediate notion of
homotopy is introduced by using path categories.
The question of the existence of an (axiomatic) homotopy model structure in Cat is
of particular interest for many mathematicians. A good homotopy model structure on
a category allows one to do homotopy theory and provides all the constructions, tools
and results of homotopy theory for that category. In [11], Thomason proves that Cat
admits a structure of closed model category in the sense of Quillen [8]. This structure
is lifted from the one on the category of simplicial sets by using a pair of adjoint
functors and it is related to the weak notion of homotopy in Cat used in [9,10].
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In this paper I prove that Cat admits an alternative axiomatic model structure, related
to the strong notion of homotopy used in [3,5]. I discovered that the category Cat has
a family of natural cylinders indexed by the ordered set N of natural numbers. This
family of cylinders and the natural transformations between them constitute what is
called a -cylinder. By using the -cylinder on Cat and de%ning the right notion of
co%bration, I prove that Cat is a -co%bration category.
The notion of a -co%bration category was introduced in [6,7]. It is an axiomatic
homotopy theory for categories with a family of natural cylinders indexed by a di-
rected partially ordered set . These categories are a generalization of the I -categories
introduced by Baues (cf. [1]).
This approach to an axiomatic model structure on Cat has the advantage that all
constructions, whether main or subsidiary ones are done inside Cat, which means that
a solution of a problem can be followed step by step in the category.
I shall prove that Cat is a -co%bration category and relate brieFy the homotopy
theory obtained with this construction to the homotopy theory presented in [11]. By
using results of [7] one can describe the homotopy category of Cat as the category
obtained by inverting the strong homotopy equivalences. I compare this homotopy
category with the homotopy category obtained using the closed model structure given
by Thomason.
2. Homotopy theories and natural cylinders in Cat
I begin by recalling the classical notion of homotopy in Cat treated for example in
[3,5] and some basic results. Then I shall introduce the family of natural cylinders in
this category and reformulate this notion of homotopy by using these cylinders.
Denition 2.1. Let f; g : C −→ D be two functors. f is homotopic to g if there is a
%nite sequence of functors f=f0; f1; : : : ; fn= g such that for all i=0; : : : ; n− 1 there
exists a natural transformation between fi and fi+1. I will write f  g.
Note that this is an equivalence relation which is preserved by composition, i.e. if
f  g :C −→ D and h  i : D −→ E then hf  ig : C −→ E.
Denition 2.2. A functor f : C −→ D is a strong homotopy equivalence if there exists
g : D −→ C such that fg  1D and gf  1C. A small category C is contractible if it
is strong homotopy equivalent to the category ∗ consisting of one object and one map.
Proposition 2.3. If f : C −→ D has either a left or a right adjoint then it is a strong
homotopy equivalence.
Proof. If g : D −→ C is for example right adjoint of f, then there are natural
transformations fg −→ 1 and 1 −→ gf and therefore fg  1 and gf  1.
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Corollary 2.4. If C has either an initial or a 2nal object then it is contractible; since
the functor from C to the category ∗ has an adjoint.
I introduce next the interval categories In (n ∈ N). I will show later that these
categories constitute the family of natural cylinders in Cat which is used to de%ne the
structure of -co%bration category.
Denition 2.5. Given n ∈ N, let In be the following category. The objects of In are the
integers 0; 1; : : : ; n and the morphisms, other than the identities, are de%ned as follows.
If r and s are two distinct objects in In there is exactly one morphism from r to s if
r is even and s= r − 1 or s= r + 1 and no morphisms otherwise. The sketch of In is
as follows (case n odd).
In : 0 −→ 1←− 2 −→ 3←− · · · · · · −→ n:
By using the interval categories In one can reformulate (2:1) as follows.
Denition 2.6. Two functors f; g : C −→ D are homotopic if there is an n ∈ N and
H : C × In −→ D such that H (a; 0) = f(a) and H (a; n) = g(a) for all a ∈ C. The
functor H is called a homotopy from f to g and it is denoted H : f  g.
Denition 2.7. Let n; m ∈ N with m ¿ n. A functor t : Im −→ In such that t(0) = 0
and t(m) = n will be called a subdivision functor.
Remark 2.8. Let H : f  g with H : C× In −→ D. If m¿ n there exists at least one
subdivision functor t : Im −→ In. Thus there is a homotopy H ′ : C× Im −→ D from f
to g taking H ′ = H (1× t).
In [4] a weaker notion of homotopy is presented by using the path category. Ho=
de%nes the category N whose objects are the nonnegative integers and the morphisms
between two objects r and s are de%ned as in (2:5). A functor f :N −→ C is %nite if
there exists m ∈N such that f(n) =f(m) ∀n¿ m. The path category of C, denoted
by Ch(C) consists of all %nite functors from N to C. Two functors f; g : C −→ D
are homotopic in the sense of Ho= if there exists a functor H : C −→ Ch(D) such
that H =f and !H = g where  : Ch(D) −→ D is the functor which assigns to each
path its initial value and ! : Ch(D) −→ D is the functor which assigns to each path
its %nal value (see [4] for more details). I denote this equivalence relation by f H g.
Remark 2.9. Let f; g : C −→ D. If f  g then f H g. For a map H : C× In −→ D
induces a map H : C −→ DIn where DIn can be seen as a subcategory of Ch(D) whose
set of objects consists of all %nite functors T : N −→ D such that T (m) = T (n) ∀
m¿ n.
It is easy to see that both notions of homotopy coincide if one considers categories
with %nite sets of objects. In general, the notion of homotopy given in this paper is
strictly stronger as shown in the following example.
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Example 2.10. The category N is contractible in the sense of Ho= but it is not
contractible in the sense of this paper. The functor H : N −→ Ch(N) de%ned as
H (n)(m)=m for m6 n and H (n)(m)=n for m¿ n induces a homotopy in the sense
of Ho= between the identity of N and the constant map 0. Since there is no “%nite”
homotopy between the identity and a constant map, this category is not contractible in
the sense of this paper.
Considering the classifying space functor B : Cat −→ Top de%ned in [10], there
is a weaker notion of homotopy for functors de%ned as follows. Two functors f; g :
C −→ D are homotopic i= Bf; Bg : BC −→ BD are homotopic continuous maps. I
denote this equivalence relation by f B g.
Remark 2.11. If f H g then f B g (see [4]). Thus
f  g⇒ f H g⇒ f B g:
One can prove directly that homotopy in the sense of this paper implies the weakest
notion of homotopy using that the classifying space of any interval category is the
topological unit interval.
3. Axiomatic homotopy theory for Cat
A -co%bration category is basically a category C with a family of natural cylinders
{I : C −→ C |  ∈ } indexed by an ordered set  and with families of natural
transformations t : I −→ I whenever ¿  ∈ . There is also a notion of co%bration
in these categories. This concept makes use of the notion of subdivision. In this section
I will recall the basic notions and results of -co%bration categories and prove that Cat
is a -co%bration category with =N. The family of cylinders in Cat is induced by
the interval categories introduced in the former section and the natural transformations
are induced by the subdivision functors t : Im −→ In between the interval categories.
The advantage of this theory is that all constructions are done inside the category. Nice
constructions of objects such as suspension categories and mapping cylinders are shown.
For a comprehensive exposition of de%nitions, examples, results and applications of
-co%bration categories I refer the reader to [6,7].
Let  denote a set with a relation ¿ which is reFexive, transitive and directed, i.e.
given ;  ∈ ; ∃¿ ; .
Denition 3.1. Let C be a category. A cylinder on C is a functor I : C −→ C together
with natural transformations
i0; i1 : id −→ I and p : I −→ id;
where id is the identity functor, such that pi = 1, for  ∈ {0; 1}.
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Denition 3.2. Let C be a category. A -cylinder on C is a family {I |  ∈ } of
cylinders on C and for each pair  ¿  in , a nonempty set ( ¿ ) of natural
transformations from I to I such that the following conditions hold:
(1) ti = i and pt = p ∀t ∈ (¿ ).
(2) For any t ∈ (¿ ) and s ∈ (¿ ), ts ∈ (¿ ).
(3) Given t1 ∈ (1 ¿ ) and t2 ∈ (2 ¿ ), there exists  ¿ 1; 2 and s1 ∈ ( ¿
1); s2 ∈ (¿ 2) with t1s1 = t2s2.
One of the most important notions in a category with a -cylinder is that of subdivi-
sion. If an object such as a mapping cylinder is constructed using a particular cylinder,
it will be necessary to relate it to corresponding objects constructed using other cylin-
ders from the family {I:  ∈ }. To this end in [6,7] I introduced the concept of
adding points or subdivision available in any category with a -cylinder. I illustrate
this concretely with the following example.
Example 3.3. Let {I |  ∈ } be a -cylinder on C. Let f : A −→ B be any map in
C and suppose that for every  ∈  the pushouts
A
f−−−−−→ B
i0






Push






s
IA
k−−−−−→ Zf
exist. Fix  ∈ . The -mapping cylinder Zf is the colimit of the %nite diagram
D =
A
f−−−−−→ B
i0






IA
:
This diagram is of a certain kind which I shall make explicit below. If one takes ¿ 
and a transformation t ∈ (¿ ), one gets the diagram
D
′ =
A
f−−−−−→ B
i0






IA
and a morphism
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of diagrams, which induces a morphism
T : Zf −→ Zf:
Zf is called a subdivision of Z

f and the map T is called a transformation.
Note also that the map j = ki1 : A −→ Zf can be extended to the map j = ki1 :
A −→ Zf such that
A
j−−−−−→ Zf
1A












T
A
j−−−−−→ Zf
commutes.
These ideas can be generalized as follows.
Denition and Remark 3.4. Let {I |  ∈ } be a -cylinder on C. Let O be a %nite
set of objects of C and  be a %nite subset of . Consider the small subcategory CO
of C whose set of objects is
Obj(CO ) = {Oi; Ij1 : : : Ijr Ok with Oi; Ok ∈ O; ji ∈ }:
The maps in CO (which are called special arrows) are generated by the following
maps: between two objects Oi and Ok any arrow of C, between Oi and IjOi the maps
ij and pj and between IjOi and IjOk maps of the form Ij (f) with f : Oi −→ Ok .
In Example 3.3, we have O= {A; B} and = {}.
Let D : I −→ CO be a %nite diagram (for some category I), if A is the colimit of
D in C, I will write A= AO . In the above example, A
O
 = Z

f.
For every i ∈  take ′i ¿ i and transformations ti ∈ (′i ¿ i). Let ′ be
the set of all these ′i (I write 
′ ¿ ). The diagram D : I −→ CO can be extended
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naturally to a diagram D′ : I −→ CO′ , i.e. the same diagram but replacing each i by
′i . In the above example, 
′ = {}.
If A′ is the colimit of D′ in C, i.e. A′ = AO′ , it will be called a subdivision of A
and the transformations ti ∈ (′i ¿ i) induce a map TA : A′ −→ A (also called
transformation).
Note that if  is the empty set or more generally, if ImD ⊆ O, then A′=A and TA=1A.
Suppose now A=AO and B=B
O
 for some O and , that is, there exist D1 : I1 −→ CO
and D2 : I2 −→ CO with A= colim D1 and B= colim D2 and suppose that for every
object in the image of D1 there exists exactly one special arrow to an object in the
image of D2 and these maps commute with the maps in the image of D1 and D2, then
these maps induce a map i : A −→ B which is denoted as
i = i : AO −→ BO :
In the Example 3.3, i = j : A −→ Zf.
Given ′ ¿  and ti ∈ (′i ¿ i), the map i extends naturally to a subdivision map
i′ = i′ : AO′ −→ BO′ such that
A′ i
′
−−−−−→ B′
TA












TB
A i−−−−−→ B
commutes.
Note also that the composition of two maps i : AO −→ BO and j : BO −→ CO is a
map of the form (ji) : AO −→ CO .
In a -co%bration category a co%bration satis%es a certain homotopy extension prop-
erty. This extension property generalizes the classical notion.
Denition 3.5. Let {I |  ∈ } be a -cylinder on C. A map i : A −→ B in C has
the strong homotopy extension property if given  ∈  and a commutative diagram
A
i−−−−−→ IA
i












H
B
f−−−−−→ X
there exist ¿  and t ∈ (¿ ), such that considering the commutative diagram
A
i−−−−−→ IA
i












Ht
B
f−−−−−→ X
there exists a map G : IB −→ X , with Gi = f and GI(i) = Ht.
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We will denote H ′ = Ht.
A map i : A −→ B in C has the weak homotopy extension property on  ⊂  if
there exists a %nite set of objects O in C, such that i :A −→ B has the form
i = i : A= AO −→ B= BO
with the property that given  ∈ ; ′ ¿  and a commutative diagram
A′
i−−−−−→ IA′
i′












H
B′ −−−−−→
f
X
there exist  ¿ ; ′′ ¿ ′; t ∈ ( ¿ ) and tj ∈ (′′j ¿ ′j) ∀′j ∈ ′ such that
considering the commutative diagram of the subdivision
A′′
i−−−−−→ IA′′
i′′












H ′
B′′ −−−−−→
f′
X
where H ′ and f′ are the original maps composed with the maps induced by the natural
transformations, there exists G : IB′′ −→ X such that Gi = f′ and GI(i′′) = H ′.
A map satis%es the weak homotopy extension property if it has the weak homotopy
extension property for some %nite subset of .
Note that a map with the strong homotopy extension property satis%es the weak ho-
motopy extension property for any %nite subset.
Denition 3.6. A -co2bration category is a category C with structure
(C; cof ; ∅; (I)∈; (¿ ));
where ∅ is an initial object in C and cof is a class of maps in C called co%brations
such that the following axioms (1)–(6) hold.
(1) {I |  ∈ } is a -cylinder on C with natural transformations (¿ ) for each
pair ¿  ∈ .
(2) If i :A −→ B is a co%bration and f :A −→ X is any map, the pushout
A
f−−−−−→ X
i






Push






j
B −−−−−→ B∪
A
X
exists and j is also a co%bration. Moreover, for all  ∈ , the functor I carries
pushouts into pushouts and I∅= ∅.
(3) Isomorphisms are co%brations. For all objects X , the map ∅ −→ X is a
co%bration.
E.G. Minian / Journal of Pure and Applied Algebra 167 (2002) 301–314 309
(4) A co%bration satis%es at least the weak homotopy extension property. We call a
co%bration strong if it has the strong homotopy extension property. The compo-
sition of strong co%brations is a strong co%bration. In general, given two co%-
brations of the form
i : AO −→ BO ; j :BO −→ CO ;
the composition is a co%bration on .
(5) If i :A −→ B is a co%bration, then for each , the map j de%ned below is also
a co%bration.
Moreover, if i is strong, j is weak on {} and if i is weak on , then j is
weak on  ∪ {}.
(6) For all ;  ∈ , there exists a natural transformation
T : II −→ II
such that, for all X :
Ti (IX ) = I(i

 (X )) : IX −→ IIX
and
TI(i (X )) = i

 (IX ) : IX −→ IIX:
I prove next that Cat is a -co%bration category with =N. I de%ne the functors
In : Cat −→ Cat by InC = C × In. The natural transformations in0 ; in1 : id −→ In
and pn : In −→ id are de%ned in the obvious way. For m ¿ n the nonempty set
of natural transformations from Im to In, denoted (m ¿ n) consists of all the natural
transformations induced by the subdivision functors t : Im −→ In between the interval
categories. The class of co%brations in Cat (denoted cof) consists of all functors having
the weak homotopy extension property.
Theorem 3.7. (Cat; cof ; ∅; (In)n∈N; (m¿ n)) is a -co2bration category.
To prove the theorem, I introduce some notations and two lemmas which generalize
classical results of topological spaces.
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Given m; n ∈ N, the product category In× Im will be sketched as a rectangle, where
for example the upper side corresponds to the objects (0; 0); : : : ; (0; m) ∈ In × Im, the
left side to the objects (0; 0); : : : ; (n; 0), etc. A functor F : In′ × Im′ −→ In × Im will
be sketched as an ((n′ + 1)× (m′ + 1))-matrix (aij), where aij = F((i; j)). There will
be no confusion about the values of F on maps since between two objects in In × Im
there exists at most one map.
Lemma 3.8. Given n; m ∈ N; there are m′; n′; with n′ ¿ n and m′ ¿ m and a functor
& : In′ × Im′ −→ In × Im with the following sketches on the boundaries:
where a′ −→ a; b′ −→ b; etc. are subdivision functors. Moreover; there exist n′′; m′′ ¿
n′; m′ and a functor &′ : In′′ × Im′′ −→ In′ × Im′ with the opposite sketches on
the boundaries; such that the composition &&′ : In′′ × tm′′ −→ In × Im has the
form &&′ = t1 × t2; where t1 and t2 are subdivision functors t1 : In′′ −→ In and
t2 : Im′′ −→ Im.
Proof. Let n; m ∈ N. Suppose n and m are even (the other cases are similar). Take
n′ = 2m+ n and m′ = m and de%ne & : In′ × Im′ −→ In × Im as follows:
&=
(0; 0) : : : : : : : : : (0; 0)
(0; 0) (0; 1) : : : : : : (0; 1)
(0; 0) (0; 1) (0; 2) : : : (0; 2)
...
...
...
...
...
(0; 0) (0; 1) (0; 2) : : : (0; m)
(1; 0) (1; 1) (1; 2) : : : (1; m)
...
...
...
...
...
(n; 0) : : : : : : : : : (n; m)
(n; 0) (n; 1) : : : (n; m− 1) (n; m− 1)
...
...
...
...
...
(n; 0) (n; 0) : : : : : : (n; 0)
:
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Now take n′′ = 4m+ n and m′′ =m and de%ne &′ : In′′ × Im′′ −→ In′ × Im′ as follows:
&′ =
(0; m) (1; m) : : : : : : (m;m)
(0; m− 1) (1; m− 1) : : : (m− 1; m− 1) (m;m)
(0; m− 2) (1; m− 2) : : : (m− 1; m− 1) (m;m)
...
...
...
...
...
(0; 1) (1; 1) : : : (m− 1; m− 1) (m;m)
(1; 0) (1; 1) (2; 2) : : : (m;m)
(2; 0) (2; 1) (2; 2) : : : (m;m)
...
...
...
...
...
(m; 0) (m; 1) : : : : : : (m;m)
(m+ 1; 0) (m+ 1; 1) : : : : : : (m+ 1; m)
...
...
...
...
...
(m+ n; 0) (m+ n; 1) : : : : : : (m+ n; m)
(m+ n+ 1; 0) (m+ n+ 1; 1) : : : : : : (m+ n; m)
...
...
...
...
...
(2m+ n; 0) (2m+ n− 1; 1) : : : : : : (m+ n; m)
(2m+ n; 1) (2m+ n− 1; 1) : : : : : : (m+ n; m)
...
...
...
...
...
(2m+ n; m) (2m+ n− 1; m) : : : : : : (m+ n; m)
:
It is easy to check that the composition &&′ is indeed &&′=t1×t2 for some subdivision
functors t1 and t2.
Lemma 3.9. A functor i : A −→ B is a co2bration if and only if there exists a subset
 of N and a 2nite set O such that i has the form i = i : A = AO −→ B = BO with
the following property. Given  ∈ {0; 1};  ∈ N and ′i ¿ i; there exist  ¿  and
′′j ¿ 
′
j ∀j, respective transformations and a functor
r : B′′ × I −→ B′∪
A′
(A′ × I)
such that the functor ' :B′′∪A′′ (A′′×I) −→ B′∪A′ (A′×I) induced by the transforma-
tions; can be factored through B′′ × I as '= r(i ; I(i′′)).
Proof of Theorem 3.7. Axioms (1) — (4) are easy to check.
To prove (6), consider the functors
Tnm : C × Im × In −→ C × In × Im
Tnm(A; r; s) = (A; s; r):
To prove (5) I use the above lemmas. Given a co%bration i : A −→ B; one must
show that j : B ∪A IA ∪A B −→ IB is a co%bration.
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By Lemma 3.9, given  ∈ N one must %nd ′; ′ ¿ ; , subdivisions A′ and
B′ of A and B and r : I′ I′B′ −→ IB ∪ I(B ∪ IA ∪ B) such that the transformation
' : I′B′∪I′(B′∪I′A′∪B′) −→ IB∪I(B∪IA∪B) can be factored as '=r(i ; I′(i′)).
Take 1; 1 ¿ ;  and & : I1 × I1 −→ I × I with the property of Lemma 3:8
and consider ( : I1B ∪I1A I1 I1A −→ IB ∪B∪IA∪B I(B ∪ IA ∪ B) induced by &, i.e.
(|I1 I1A = & × 1A : I1 I1A −→ IIA and (|I1B : I1B −→ IB ∪B+B (IB ∪ IB) is the
functor with the following sketches:
Since i : A −→ B is a co%bration, it is easy to see that the functor I1A −→ I1B is
also a co%bration, then by (3:9) there exist 2; 2 ¿ 1; 1; A′; B′ and a functor
r˜ : I2 I2B
′ −→ I1B ∪I1A
I1 I1A
such that ri2 : I2B
′ −→ I1B is the functor induced by the transformations t×TB and
rI2 I2 (i
′) : I2 I2A
′ −→ I1 I1A has the form t × t × TA.
Now, again by (3.8) take ′; ′ ¿ 2; 2 and &′ : I′ × I′ −→ I2 × I2 such that
&′(t × t)&= t1 × t2 for some transformations t1 and t2.
Then the functor
r = (r(&× 1B′) : I′ I′B′ −→ IB ∪ I(B ∪ IA ∪ B)
is clearly the desired functor.
In a pointed -co%bration category (i.e. a -co%bration category where the initial
object is also a terminal object, denoted by ∗) the groups )An (U ) for n¿ 1 are de%ned
by using the -suspensions ( ∈ ). Let Cat∗ be the category of pairs (C; x) with
C ∈ Cat and x ∈ Obj C. This category is a pointed -co%bration category and for
any m ∈ N, the m-suspension of an object (C; x) is the pushout
(C; x) + (C; x) −−−−−→ ∗
(i0 ;i

1)






Push






I ′m(C; x) −−−−−→,mC
where I ′m(C; x) = C × Im={x} × Im. The groups )(C; x)n (D; y) (or simply )Cn (D)) are
de%ned by )Cn (D) = colimm[,
n
mC;D] and they are abelian groups for n¿ 2 (cf. [6]).
Example 3.10. Let S0 denote the category with two objects and no maps other than
the identities. Denote )S
0
n (D; y) simply by )n(D; y). Applying a result of [4] and since
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S0 is %nite, one can verify that )n(D; y) = )n(BD; By), where By ∈ BD is the point
corresponding to the 0-simplex (object) y.
Remark 3.11. In [2] Evrard de%nes the groups )n(D) of a pointed small category
D introducing a loop functor 0 : Cat∗ −→ Cat∗ which is very similar to the loop
functor de%ned by Ho=. Evrard constructs that functor using interval categories and he
reproves Quillen’s Theorems A and B. The homotopy groups )n(D) de%ned above are
isomorphic to the ones de%ned by Evrard and by Ho=.
4. The homotopy category of Cat
In [11] the structure of the closed model category on Cat is de%ned by lifting the
one on the category of simplicial sets. In this section I compare brieFy the homotopy
categories of Cat (with the -co%bration structure and with the closed model structure).
Denition and Remark 4.1. Let C be a -co%bration category. Since the notion of
homotopy on maps is an equivalence relation in C, one can consider the homotopy
category
Ho(C) = C=  :
I denote by q : C −→Ho(C) the obvious functor which is the identity in the objects.
By applying the results of [7] for the case C = Cat, one can verify that the functor
q : Cat −→ Ho(Cat) is the localization of Cat with respect to the strong homotopy
equivalences.
I denote by  : Cat −→HoT(Cat) the localization of Cat with respect to the class of
weak equivalences in the sense of Thomason, i.e. HoT(Cat) is the homotopy category
of Cat considering Cat as a closed model category.
Proposition 4.2. There exists a unique functor F :Ho(Cat) −→HoT(Cat) such that
commutes. The functor F : Ho(Cat) −→ HoT(Cat) is not an equivalence of cate-
gories.
Proof. The existence and uniqueness of F follows immediately from the fact that
strong homotopy equivalences in the sense of this paper are weak equivalences in the
sense of Thomason.
That F is not an equivalence follows from (2:10).
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